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Abstract. We consider the Knizhnik-Zamolodchikov (KZ) and dynamical equations, 
both differential and difference, in the context of the , g(^) duality. We show that 
the KZ and dynamical equations naturally exchange under the duality. 


Introduction 

The Knizhnik-Zamolodchikov (KZ) equations is a holonomic system of differential 
equations for correlation functions in conformal held theory on the sphere. They play 
an important role in representation theory of affine Lie algebras and quantum groups. 
The difference analogue of the KZ equations is called the quantized Knizhnik-Zamo¬ 
lodchikov (qKZ) equations. 

There are rational, trigonometric and elliptic versions of KZ and qKZ equations, 
depending on what kind of coefficient functions the equations have. In this paper we 
consider the rational and trigonometric versions. 

In [FMTV] we discovered another holonomic system of differential equations with 
rational coefficients, which is compatible with an extension of the rational KZ equations 
by an element of the Cartan subalgebra. We call the new equations the rational dy¬ 
namical differential (DD) equations. The difference analogue of the DD equations was 
constructed in [TVl] and called the rational difference dynamical (qDD) equations. 
The rational qDD equations are compatible with the trigonometric KZ equations. 

Around 1995 for a simple Lie algebra g De Concini and Procesi introduced a U{g) 
valued connection on the set of regular elements of the Cartan subalgebra of g [CP]. 
They conjectured that the monodromy of the connection is described in terms of the 
corresponding quantum Weyl group. In the recent work of Toledano-Laredo this con¬ 
jecture is proved for g = sC [TLj. 

When the work [FMTV] had been written, P.Etingof told us about the De Concini- 
Procesi connection and indicated that their connection is a special case of our DD 
equations. 
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The (gtfcjgln,) duality plays an important role in the representation theory and 
the classical invariant theory, see [Zhl], [H], In [TL] Toledano-Laredo discovered that 
with respect to this duality the De Concini-Procesi connection is dual to the ratio¬ 
nal differential KZ equations and used this fact to compute the monodromy of the 
De Concini-Procesi connection in terms of the quantum Weyl group. Our paper is 
inspired by the result of [TL]. 

In this paper we show that under the , gl^) duality the KZ and qKZ equations 
for the Lie algebra gljt. exchange with the DD and qDD equations for the Lie algebra 
gl^ , while the DD and qDD equations for gl^,. exchange with the KZ and qKZ equations 
for gl^. 

The duality between the KZ and DD equations in the rational differential case 
is essentially the “quantum” version of the duality for isomonodromic deformation 
systems [Hal]. We thank J.Harnad for pointing out this observation to us. The 
relation of the differential KZ equations and the isomonodromic deformation systems 
is described in [R], [Ha2]. 

An interplay between extremal projectors and R-matrices, relevant to the duality 
studied in our paper, has been observed in [ST]. 

We consider three cases in the paper: the rational differential, trigonometric differ¬ 
ential, and rational difference cases. To consider the trigonometric difference case, the 
duality for the trigonometric qKZ equations and the trigonometric qDD equations, one 
has to employ the g-analogue of the (glfc,gln) duality: the (l7g(g[jt), 17g(g[„)) duality. 
This will be done elsewhere. The {Uq{Qlf.) ^ Uq{gi^)) duality has been described in [B], 
[TL], 

The paper is organized as follows. After introducing basic notation we subsequently 
describe the differential KZ and DD equations, and the rational difference qKZ and 
qDD equations, for the Lie algebra gl;.. This is done in Sections 2-4. The main 
results are Theorems 5.8 and 5.9 in Section 5. 

The first author thanks Maxim Nazarov for helpful discussions. 

1. Basic notation 

Let n be a nonnegative integer. A partition A = (Ai, A 2 ,...) with at most k parts is 
an infinite nonincreasing sequence of nonnegative integers such that Afc-(-i = 0 . Denote 
by Vk the set of partitions with at most k parts and by V the set of all partitions. 
We often make use of the embedding Vk ^ given by truncating the zero tail of a 
partition: (Ai,..., Afc, 0,0,...) 1 —> (Ai,..., Xk) ■ Since obviously Vm C Pfc for m ^ /c, 
in fact, we have a collection of embeddings Vm —^ for any m ^ k . What particular 
embedding is used will be clear from the context. 

Let Cab , a, 6 = 1,..., /c, be the standard basis of the Lie algebra gl^ : [cab , Ccd] = 
^bcGad — had^cb- We take the Cartan subalgebra f) C gl^ spanned by en,..., efcjt, 
and the nilpotent subalgebras n+ and n_ spanned by the elements Cab for a < b and 
a > b, respectively. We have the standard Gauss decomposition gl;. = n+ © f) © n_ . 

Let £ 1 ,..., £fc be the basis of t)* dual to en,..., Ckk ■ {^a t&bb) = hob ■ We identify 
[)* with mapping XiSi + ... + XkSk to (Ai,..., Xk) ■ The root vectors of gl;. are 
Cab for a ^ b, the corresponding root being equal to aab = ^a — ^b ■ The roots aab for 
a <b are positive. The simple roots are cti,..., ak-i '■ aa — Sa — Sa+i ■ Denote by p 
a half-sum of positive roots. 



We choose the standard invariant bilinear form (,) on gif.: {cabi ^cd) — ^ad^bc ■ K 
dehnes an isomorphism [)—*>()*. The indnced bilinear form on [)* is (£„,£&) = 5ab- 
The element h = en + ... + ekk € f) is central in gif.. We identify the Lie algebra 
slfc with the Lie snbalgebra of gl;. orthogonal to h. Then gif. = slk © Ch. 

For a 0 [;.-modnle W and a weight A G f)* let W[X] be the weight snbspace of W 
of weight A. 

For any X E Vk we denote by Vx the irredncible 0 [;.-modnle with highest weight 
A. By abnse of notation, for any I G we write Vi instead of V(z,o,...,o) • Thns, 
Vo = C is the trivial 0 [j[.-modnle, Vi = with the natnral action of , and Vi is 
the l-th symmetric power of Vi. 

k 

The element ^ ^ab&ba is central in In the irredncible glj^-modnle 

Vx it acts as mnltiplication by (A, A + 2 p). 

Dehne a 0 [;.-action on the polynomial ring C[xi,... ,Xk] by differential operators: 
Gab ^ Xadb , where db = djdxb , and denote the obtained 0 [j[.-modnle by V, . Then 

OO 

( 1 . 1 ) r. = 0V5, 

1=0 


the snbmodnle Vi being spanned by homogeneons polynomials of degree I. The highest 
weight vector of the snbmodnle Vi is x[. 

2. Knizhnik-Zamolodchikov and differential dynamical 
operators 

For any g G set g..-, ~ id©...©fi'©...©idG ([/(gl;.))®"’. We consider 

^ ^ i-th 

U{Qlk) as a snbalgebra of [U{glk)) ^, the embedding U{glk) ^ (U{glk)) ^ being 
given by the n-fold coprodnct, that is, x h-> + ... + X(^ri) for any x G . 

k 1 ^ 

Let Q = ^ab © Gba be the Casimir tensor, and let O = - ^aa © Gaa , 

a,6=1 2 a=l 

17 17 © (^ab © ^ba > f7 O © Gba © ('ab •> 

l^a<_b^k l^a<_b^k 


so that O = 17^© 0“ . 

Fix a nonzero complex nnmber k . Consider differential operators ..., and 
V^i,..., with coefficients in (U{glj^)) ^ depending on complex variables 2 : 1 ,..., 


Zn and Ai,..., Afc : 


V.,(^;A) 


d ^ 

-E -^a(ec 


dzi 


a=l 




f=i 


0 (ij) 






EP 


a=l 



i=i 


- Zj 



The differential operators ,..., Vz„ (resp. ,..., ) are called the rational 

(resp. trigonometric) Knizhnik-Zamolodchikov (KZ) operators. The following state¬ 
ments are well known. 

Theorem 2.1. The operators , Vz„ pairwise commute. 

Theorem 2.2. The operators ..., pairwise commute. 

The rational KZ equations is a system of differential eqnations 


WziU = 0, f = 1 ,... ,n , 

for a fnnction u{zi ,..., Ai,..., A^) taking valnes in an n-fold tensor prodnct of 
glfc-modnles. The trigonometric KZ equations is a system of differential eqnations 


VziU = 0 , 


i — 1,... ,n . 


Introdnce differential operators , • ■ ■, -Da^ and , ■ ■ ■, with coefficients in 
(U (glfc)) ^ depending on complex variables zi,... ,Zn and Ai,..., Ajt: 


d ^ 

DxS^'A) = -E Zi{eaa, 

OAa i=l 


(i) 


E 

b=i 

b^a 


(^ab (^ba Cc 

A„ — \h 


^ Q ”■ 


dXa ' 2 


i=l 




E E i^ab)(i) (eba)(j) 

6=1 l^iKj^n 




Xb 


Aa — Xi) 

6=1 “ ° 

b^a 


(^a6 ^ba ^aa) • 


n ^ 

Recall that Cab = E i^ab)py We call the differential operators Dai , ■ • •,-Da*; (resp. T>Ai, 

i=l 

...,D\f,) the rational (resp. trigonometric) differential dynamical {DD) operators. 
Theorem 2.3. The operators , • • •, , D \^, • • •, Dx^ pairwise commute. 

The statement follows from the same resnlt for the sR case in [FMTV]. 

Theorem 2.4. [TV2] The operators Dx ^, • • ■, Dx,. pairwise commute. 


Later we will formnlate analognes of Theorem 2.3 for the trigonometric KZ operators 
and for the trigonometric DD operators. They involve difference dynamical operators 
and difference (qnantized) Knizhnik-Zamolodchikov operators. 

The rational DD equations is a system of differential eqnations 


Dx^u = 0, a=l,...,k, 

for a fnnction u{zij ..., Ai,..., Afc) taking valnes in an n-fold tensor prodnct of 
glfc-modnles. The trigonometric DD equations is a system of differential eqnations 

Dx^u = 0, a = l,...,/c. 


Zl 



3. Rational difference dynamical operators 

For any a,6=l,...,/c, a ^ b ^ introduce a series Babif) depending on a complex 
variable t: 


Babif) 





1 

j {t - Caa + ebb - j) 


The series has a well-dehned action in any hnite-dimensional gl^-module IT, giving an 
End (IT)-valued rational function of t. These series have zero weight: 


Babit) ,x=0 for any x E i), 


satisfy the inversion relation 

Babit) BU-t) - 1 

and the braid relation 


Babit) Bacit + s)Bbcis) = Bbds) Bacit + s) Babit) ■ 

Remark. In notation of [TVl] the series Babit) equals pit— 1-, Caa —ebb, eab, eba) ■ The 
properties of Babit) follow from the properties of functions in the slu case, see 

[TVl, Section 2.6]. 

Remark. The series Babit) first appeared in the definition of the extremal cocycle in 
[Zh2]. 

Consider the products Xi ,..., Xk depending on complex variables zi,..., Zn and 
Ai,..., Afc : 

(3.1) Xaiz;X) = [Baki^ak) ■ ■ ■ Ba,a+li^a,a+l)) X 

n 

X JJ Biaikla - k) . . .Ba-l^aiK-l,a “ «) , 

i=l 

acting in any n-fold tensor product ITi ® ® ITn of finite-dimensional g[;.-modules. 

Here Xbc = A^ - Ac . 

Denote by Tu a difference operator acting on a function /(w) by 

iTuf)iu) = fiu + K) . 

Introduce difference operators Qai, • • ■, Qx^. ■ 

Qx,(z-,\) = V„(2;A)ri., 


We call these operators the irational) difference dynamical iqDD) operators. 
Theorem 3.1. The operators ..., Xz^ , Qxi, ■ ■ ■, Qx^. pairwise commute. 
The statement follows from the same result for the slk case in [TVl]. 



0 


In more conventional form the eqnalities [V^. = 0 S'lid [Qx^:Q\t] = 

respectively look like: 

^ai^i '^) ^bi^i • ■ • 7 bit ■ ■ ■ 1 Afc) Xjji^Z, A) Xdl^Zf Ai, . . . , Af, -|- ^C, . . . , Afc) . 

The rational qDD equations is a system of difference eqnations 

Qxa^ = u, a = l,...,/c, 

for a fnnction u{zij ..., 2 ;^^; Ai,..., Afc) taking valnes in an n-fold tensor prodnct of 
glfc-modnles. 

4. Rational difference Knizhnik-Zamolodchikov operators 

Consider the Yangian . The algebra U(gif,) is embedded in Y(g[;.) as a Hopf 

snbalgebra, and we identify U{glf.) with the image of this embedding. 

There is an algebra homomorphism ev : Y(g[;.) — U{glf,), called the evaluation 
homomorphism, which is identical on the snbalgebra U{glf,) C Y(g[;.). The evalnation 
homomorphism is not a homomorphism of Hopf algebras. 

The Yangian Y(g[j!.) has a distingnished one-parametric family of antomorphisms 
Pu depending on a complex parameter u. For any g[;.-modnle W we denote by W{u) 
the pnllback of W throngh the homomorphism ev o . Yangian modnles of this form 
are called evaluation modules. 

For any hnite-dimensional irredncible gl^-modnles V, W the tensor prodncts 
W{u) and W{u)®V{t) are isomorphic irredncible Y(g[fc)-modnles, provided t—u^Ij. 
The intertwiner can be taken of the form Pyy^ ^vw “ '^) where Py^ ■ V ®W ^ 
W®V is the flip map: Pyy^ : v®w w®v , amd Ryy^it) is a rational End(Y ® IF) 
valned fnnction, called the rational R-matrix for the tensor prodnct V ®W. 

We describe below the i?-matrix Ryy^it) in terms of the glj^. actions in V and 
IF. Let V and w be the respective highest weight vectors. The i?-matrix Ryy^it) is 
nniqnely determined by the g[;.-invariance, 

(4.1) [Ry^it), g®l + l® g] = Q for any ^ G gl^ , 

the commntation relations 

k k 

(4.2) Rywi^) ®1 + (^ac® Gcb) = {tCab ® 1 + (^cb ® Cac) Rywi^) ’ 

c=l c=l 

and the normalization condition 

Rywit) V ® w — v®w. 

The introdnced /^-matrices obey the inversion relation 



( 21 ) 

where R\yv ~ ^wv ^wv ^vw ’ Yang-Baxter equation 

(4.4) Rjjy{t) + u) Ryy^riu) = Ry^y{u) Rjjy^{t + u) Rjjy{t) . 

The aforementioned facts on the Yangian Y( 0 [;.) are well known; for example, see 

[MNO]. 

Consider the 0 [j[.-module V, , and let vi = x[ be the highest weight vector of the 
irreducible component V) C V, . We dehne the i?-matrix Ry y (t) as a direct sum of 
the /^-matrices Ryy^{t) : 

Rv,vS^) v®v'— Ryy^{t) V ®v' for any v ®v' & Vi®Vm, 

the /^-matrices Ryy^{t) being normalized by Ryy^(t) vi ® Vm — vi ® Vm ■ It is clear 
that Ry y (t) obeys both the inversion relation and the Yang-Baxter equation. 

Consider the products itTi,..., depending on complex variables zi,... ,Zn and 
Ai,..., Afc : 

(4.5) (^RiYi(^^in') • • • ^ 

k 

^ ( Aa ) Rli(^^li R) • • • Ri—l,i(^^i—l,i R) 5 

a=l 

acting in an n-fold tensor product ITi 0 ... 0 Wn of gl^-modules. Here Zij — Zi — Zj , 
and Rij{t) = (i?^^^,(t))(,j) • 

Introduce difference operators , • • •, Z^^ : 

Z,^{z;X) = K,{z-,X)T,.. 

We call these operators the (rational) quantized Knizhnik-Zamolodchikov (qKZ) oper¬ 
ators. 

Theorem 4.1. [FR] The operators Z ^^^,..., Z^^ pairwise commute. 

Theorem 4.2. [TV2] The operators Z^^,..., Zz„ , D \^, • • •, D\i, pairwise commute. 

The last theorem extends Theorems 2.4 and 4.1. 

In more conventional form the equalities [Zzi^Zz^] = 0 and [Zzi^ D\^\ = 0 re¬ 
spectively look like: 

Ri(^ 1 A) iFj(^i,..., -|- ^c,..., Zyi , A) Kj(z.f A) iFj( 2 i,..., -t- ^c,..., z .^, A), 

Dx^(z;X) Ki(z;X) = Ki(z; X) Dx^(zi,..., Zi + k, ..., z^, X). 


The rational qKZ equations is a system of difference equations 

ZziU = u, i = l,...,n, 

for a function u{zij ..., Ai,..., Afc) taking values in an n-fold tensor product of 
glfc-modules. 



5- duality 

In what follows we are going to consider the Lie algebras and simultaneously. 
In order to distinguish generators, modules, etc., we will indicated the dependence on 
k and n explicitly, for example, . 

Consider the polynomial ring P^n = C[a:ii,..., Xki, ■ ■ ■, Xin ,..., Xkn] of kn vari¬ 
ables. We dehne a g[;.-action on P^n by 

n 

(5.1) £ Xaidbi, 

i=l 

where d^i = d jdx^i , and we dehne a gl^-action on P^n by 

(5.2) X) Xaidaj . 

a=l 

There are two natural isomorphisms of vector spaces: (C[a:i,..., Xk])^^ —^ Pkn , 

n 

(5.3) (pi ® ® Pn) {xil, . . . , Xkn) = n Piixii, • • • , Xki) , 

i=l 

and {C[xi,...,Xn])^’" ^ Pkn, 

k 

(5.4) {pi (^ . . . ^Pk){xil, . . . ,Xkn) = n Pa{Xal, ■ ■ ■ ,Xan) ■ 

a=l 

We have a simple proposition. 

Proposition 5.1. The module Pkn is isomorphic to as a gi/^-module by 

(5.3), and it is isomorphic to as a gl^-module by (5.4). 

It is easy to see that the actions (5.1) and (5.2) commute with each other, thus 
making Pkn into a module over the direct sum gl/j © gt^. The following theorem is 
well known, e.g. see [H]. 

Theorem 5.2. The gl^ © gl^ module Pkn hcLS the decomposition 

Pkn = 0 V” 0 VP . 

'^^'^min(fc,r).) 

n 

Fix vectors A = (/i,..., /^) G Z>q and p = (mi,..., mk) G Z>q such that h = 

^ ^ i=l 

k 

X ma . Let 

a=l 

k n 

^kn ['^ 7 A^] *{ i^ai) a=l,...,A: ^ ^^0 | dai 1% ^ dai Wq, j* • 

i=^l,...,n a=l i=l 

k n 

Denote by Pkn[^,p] C Pkn the span of all monomials H 11 such that (dai) G 

a=l i=l 

Zkn[i^, p] ■ The next statement easily follows from Proposition 5.1, and formulae (1.1), 
(5.1) and (5.2). 



Proposition 5.3. The isomorphisms (5.3) and (5.4) induce the isomorphisms of the 
weight subspaces ® ... 0 [mi,..., nik] and {V^l ® V^l ) [/i,..., , 

and the space Pfcn[A,//] . 

In what follows we will need another description of the above mentioned isomor¬ 
phisms. It is given below. 

For an indeterminate y and a nonnegative integer s we dehne the divided powers 
by the rule: = 1 and — y^/ s! for s > 0. 

Let Vi'^\ be highest weight vectors of the respective modules . 

Lemma 5.4. A basis of the weight subspace ® ® Vp'^) [wi, • • •, ?^A:] is given 

by vectors 


V. 


k 

(fc> _ TT ( (k)\[da,l 

d — II {^alj 

a=2 


(k) 


n(< 

a=2 


,(k)\[d, 

'alj 


an\ (k) 

Vj 


d iydai) G [A, ^]. 


Lemma 5.5. A basis of the weight subspace {V^l ® ...® Ki”^) [Zi,..., Z^] is given by 
vectors 


= n (eS’) 

i=2 


{dli\ (n) 


nFr) 


i=2 


(n)\ [dki] (n) 

^ruk ’ 


d i^dai) G [A, ^]. 


ru It r ^ 1 

For any d G Zfc„[A,/u] set = 11 11 • Dehne isomorphisms of vector 

a=l i=l 


spaces: 

(5.5) 

(V)^ ® • • 


^ Pkn 7 A^] 7 

(fc> [dl 

I’d h 

(5.6) 

(C ® • 

..®P:>)i!i,...,!„] ^ 

Pkn 7 /^] 7 

i-n.) [dl 

X'- b 


and extend them by linearity to isomorphisms of vector spaces 


and 


Proposition 5.6. The maps (5.5) and (5.6) coincide with the maps (5.3) and (5.4), 
respectively. 


The proof is straightforward. 


Consider the action of KZ, qKZ, DD and qDD operators for the Lie algebras gl;. 
and gl^ on Pfc^i-valued functions of zi,..., Zn and Ai,..., A^ , treating the space Pkn 
as a tensor product of g[;.-modules, and as a tensor product of 

g[^-modules. We will write F ~ G if the operators F and G act on the Pfcn-valued 
functions in the same way. 


Lemma 5.7. 


We have k X) — n 


(k) 


r{n) 




a=l 


i=l 


The proof is straightforward. 


Set 

(5.7) C'pf) 


r(t+l)r(t-e« + e”) 
r(t-e«)r(t + e‘« + l) ’ 



r(t + 1) r(t - e'f + eg’) 
r(t-e!">)r(f + e>y+l) ■ 


Q 



Theorem 

5.8. For any i - 

= 1,..., n and 

a = 1,..., /c we have 



(6.8) 

Vir(^;A) ^ 


> 

l\ 

A? 

T 

(A; 

z), 

(5.9) 

Vif(z;A) ^ 



(A; 

z), 

(5.10) 


(z)Q':^[\-,z), 



a ^ 

Here 







Nt\z) = 

■ n 

-K) n 






i<j^n 



and 







TVf (A) = 


-«;) n (Ti,’(A„i))-‘. 





l^&<a 

a<.b^k 




Proof. Equalities (5.8) and (5.9) for differential operators are verified in a straight¬ 
forward way. Equalities (5.10) for difference operators follow from Theorem 5.9, and 
formulae (3.1) and (4.5). □ 

Remark. The hrst of equalities (5.8) at A = 0 (respectively, the second one at z — 0) 
has been discovered in [TL]. 

Theorem 5.9. For any a,6=l,...,/c, a ^ b, and any i,j = 1,..., n, i ^ j , we 
have 

(5.11) B«(f)c»(i) 4‘>(f) c. 

Remark. Cf. the observation made after Theorem 6.6 in [FV]. 

Proof of Theorem 5.9. The Lie algebras gljt. and gl^ appear in our consideration on 
equal footing. So, it suffices to prove only the hrst formula in (5.11). Moreover, since 
both the action of (t) (t) on P^n and that of (t) involves only the variables 

Xai ,..., Xan , Xbi ,..., Xbn , h is euough to prove the claim for k = 2 . 

Let A = (/i,..., /n). Set |A| = h + ... + R . Consider the decomposition of the 
g [ 2 -module ® ® into a direct sum of irreducibles: 

v,T 0 ... ® = 0 0 w”. 

0^m^|A|/2 

Here lTo,lTi,... are multiplicity spaces. The summands m) ®are dis¬ 

tinguished by eigenvalues of the central element : 


(5.12) 


Set 


r (2) I 




( 2 > 


( I A I — m ,m) 


0W, 


( 2 > 


A|^ -I- I A| -I- 2m(m — | A| — 1). 



n (E, 


.( 2 > 




1 n 



It follows from [TVl, Section 2.5] that 


(5,13) 





m 2 — 1 

n 


j=m 


t + m 2 - j 
t — mi + j 


Consider the decomposition of the gl^-modnle ® ^ direct snm of 

irredncibles: 

min(mi,m2) 

(5.14) C’®r"= 0 h">.„,o.0)- 

m=0 


The snmmands ^ n ^ire distingnished by eigenvalnes of the central 

l # 11 I f I I f t ^ f I V ^KJ ^ J 

element : 


(5.15) 


rif^) I _ 

I 

= (mi + m 2 )^ + (n — l)(mi + m 2 ) + 2m(m — mi — m 2 — 1). 


Since the i?-matrix is g[^-invariant, see (4.1), it acts as a scalar on each 

snmmand of the decomposition (5.14). The eigenvalnes of i?^"^(t) can be fonnd from 
(4.2), see [KRS], [KRj: 

^ ,'r^ ,0,.. . ,0) j q ^ ''^2 J 

Set 



Let n = (mi, m 2 ). Lemma 5.7 and formnlae (5.12), (5.15) imply that nnder isomor¬ 
phisms (5.5) and (5.6) the images of 0 ... 0 [wi, ^ 2 ]^ and [V^l ® ^ml) [h: 
...jIn] in the space Pkni^jfJ-] coincide. Comparing now formnlae (5.7), (5.13) and 
(5.16), we get the reqnired statement. □ 
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